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In this short article, we $1$) $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{e}\mathrm{n}\mathrm{t}$ two stable lnaps $f_{1}$ and $f_{2}$ : $\mathrm{C}^{2}Parrow \mathrm{R}^{3}$ of
$\mathrm{C}\mathrm{O}\ln_{\mathrm{P}^{\mathrm{l}\mathrm{e}\mathrm{X}}}$ projective space of $\mathrm{C}$-dimension 2 into $\mathrm{R}^{3}$ . They are not only the first
$\mathrm{e}\mathrm{x}_{1^{\mathrm{J}}}1\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{t}$ exalnples of stable lnaps of $\mathrm{C}^{2}P$ into $\mathrm{R}^{3}$ but also reflect the geolnetry of
$\mathrm{C}^{2}P$ naturally. The proofs of the results in this article will be appeared solnewhere
else.
1. The topological aspects of stable maps have been studied by several authors,
and some kinds of congruences on the homological data (characteristic classes, etc)
of the singular points, the source and the target manifolds have been obtained (see,
for exalllple, $[\mathrm{F}\mathrm{u}\mathrm{k}],[\mathrm{s}_{\mathrm{a}\mathrm{e}]}$ , and [Sak] $)$ . By using such congruences, Saeki has shown
that if a closed $4- 1\mathrm{n}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{f}_{\mathrm{o}\mathrm{l}\mathrm{d}}l1,f$ has the homology groups which are $\mathrm{i}_{\mathrm{S}\mathrm{o}\mathrm{m}}\mathrm{o}1^{\cdot}1$) $\mathrm{h}\mathrm{i}\mathrm{c}$ to that
of $\mathrm{C}^{2}P$ , then any stable lnap $f$ : $\Lambda farrow \mathrm{R}^{3}$ has cusp singularities $([\mathrm{S}\mathrm{a}\mathrm{e}])$ . But in
contrast to the $\mathrm{h}\mathrm{o}\mathrm{l}\mathrm{n}\mathrm{o}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{i}_{\mathrm{C}}\mathrm{a}1$ study, the $\mathrm{e}\mathrm{x}_{1}\supset 1\mathrm{i}\mathrm{C}\mathrm{i}\mathrm{t}$ examples of stable lnaps are scarcely
known except for the case where the lnaps have only fold singularities. No stable
$\mathrm{n})\mathrm{a}_{\mathrm{P}^{\mathrm{S}}}$ of even $\mathrm{C}^{2}P$ into $\mathrm{R}^{3}$ were known in explicit fornls (for the $\mathrm{e}\mathrm{x}\mathrm{a}\mathrm{m}_{1}$) $1\mathrm{e}\mathrm{s}$ of $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{l}$) $\mathrm{l}\mathrm{e}$
$\mathrm{m}\mathrm{a}_{1^{\mathrm{J}\mathrm{S}}}$ into $\mathrm{R}^{2}$ , see [K] $)$ .
Relllafk that a stable lnap of a closed $4$-nlanifold into a $3$ -lnanifold has the set
of singular points which is a smooth $\mathrm{s}\mathrm{u}\mathrm{l}\supset \mathrm{l}\mathrm{n}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{d}$ of dimension 2 (or the empty set),
and possibly has singular points called swallow tails (of full $\mathrm{c}\mathrm{o}\mathrm{d}\mathrm{i}_{1}11\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{n}$ in the set
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of singular points), cusps (codilnension 1), definit,e and indefinite folds (codimension
$0)$ . The first of our result is
Theorem 0.1 There exist stable maps $f_{t}$ . $\mathrm{C}^{2}Parrow \mathrm{R}^{3}(i=1,2)$ such that
1. the set of critical values $C(f_{i})\subset \mathrm{R}^{3}$ is the singular surface in $\mathrm{R}^{3}$ as described
bellow,
2. the map $f_{1}$ has 6 swallow tails,. 6 arcs of cusps, and some regions of both definite
and indefinite folds,
3. the map $f_{2}$ has no swallow tails, 1 circle of cusps, and each 1 region of definite
and indefinite folds.
(Note that the set of singular points $S(f_{1})$ is diffeomorphic to $\mathrm{R}^{2}P$ , and that
$S(f_{2})$ is diffeomorphic to the disjoint union $s^{2}\mathrm{u}\mathrm{R}^{2}P$ ; see the fi.gures bellow.)
The singular surface $C(f_{1})$ is the one obtained in the following lllannel$\cdot$ .
1. Glue three copies of the one below so that side $A$ of a copy is pasted to side $B$ of
another.
2. Replace the neighbourhoods of the $1$) $\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}P$ and $Q$ as follows:




(Note that Boy surface is an immersed image of $\mathrm{R}^{2}P$ into $\mathrm{R}^{3}$ with three double
$1\supset \mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{s}$ locijoined at a unique triple point. Refer to [Fr] and the figures in Appendix.)




$\mathrm{M}\alpha\gammaarrow 0\mathrm{M}^{\backslash }|\mathfrak{n}a\mathrm{r}\mathrm{y}\mathrm{t}t_{1}.\mu_{\Omega}?^{\mathrm{o}\mathrm{t}^{\sim}V\backslash }\mathrm{t}$
The singular surface $C(f_{2})$ is the one obtained $\mathrm{f}\mathrm{r}\mathrm{o}\ln$ “a flying saucer floating in
$D^{3}$” by replacing a neighbourhood of $P$ with Boy
$\mathrm{s}\mathrm{u}\mathrm{r}\mathrm{f}\mathrm{a}\mathrm{c}\mathrm{e}-\mathrm{I}\mathrm{n}\mathrm{t}D^{2}$ as in $C(f_{1})$.
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The following is a $\mathrm{b}\mathrm{i}$-product of Theorem 0.1.
Theorem 0.2 There exists stable maps $g_{1}$ and $g_{2}$ : $S^{4}arrow \mathrm{R}^{3}$ such that
1. the set of critical values $C,$ $(g_{i})\subset \mathrm{R}^{3}i\mathit{8}$ the singular surface obtained by omitting
the replacement with Boy surface (the replacement $aro$und the point $P$ ) in the above
procedures of constructing $C(f_{i})$ ,
2. the map $g_{1}$ has 3 $\mathit{8}wallow$ tails, 3 arcs of cusps and some $region\mathit{8}$ of both definite
and indefinite folds,
3. the map $g_{2}$ has no swallow tails, 1 circle of cusps and each 1 regions of both
definite and indefinite folds.
Note that $S(g_{1})$ is diffeomorphic to S-, and $S(g_{2})$ is diffeomorphic to $S^{2}\mathrm{U}S^{\sim}9$ .
2. As is well known, $\mathrm{C}^{2}P$ admits a $T^{2}$ action since it is a toric variety. This is,
roughly speaking, the action obtained by glueing the three copies of the $T^{2}$ action
on $\mathrm{C}^{2}$ defined by
$(x, y)\vdash\not\simeq(e^{i\theta_{X,e}i\eta}y)$ .
Following Fulton [Ful], we write down the quotient map of this action by
$q$ : $\mathrm{C}^{2}Parrow \mathrm{R}^{3}$ , $[ \approx 0;\mathcal{Z}1;\vee 2]\sim\vdash\not\simeq\frac{1}{\Sigma|_{\sim i}^{\sim}|^{2}}(|Z_{0}|^{2}, |_{Z_{1}}|^{2}, |\approx_{2}|^{2})$ .
We call $q$ the lnoment map into $\mathrm{R}^{3}$ . Remark that the quotient space of the $T^{2}$
action is considered as the triangle located in $\mathrm{R}^{3}$ with vertices $(1, 0,0),$ $(0,1,0)$ and
$(0,0,1)$ .
$Ren\mathrm{l}a\Gamma l\check{\iota}$ . Our fornl of the $\mathrm{n}\mathrm{u}\mathrm{o}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}$ lnap is a slightly different from that stated in
[Ful]. But the difference can be olllitted in the smooth category, $i.e.$ , these two
monlent maps are slnoothly equivalent.
Theorem 0.3 Both of the smooth maps $f_{1}$ and $f_{2}$ in Theorem 0.1 are the stable
perturbations of the moment map $q$ .
Let $\gamma$ : $\mathrm{R}^{3}arrow \mathrm{R}^{2}$ be the linear $1^{)\Gamma \mathrm{O}}\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ onto the plane which contains the
$\mathrm{t}\mathrm{l}\cdot \mathrm{i}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{l}\mathrm{e}q(\mathrm{c}2P)$. We call $\gamma \mathrm{o}q:\mathrm{C}^{2}Parrow \mathrm{R}^{2}$ the nuoment $1\mathrm{n}\mathrm{a}_{1)}$ into $\mathrm{R}^{2}$ .
76
Nice $\mathrm{s}ta\mathrm{b}le$ maps
Corollary 0.4 Let $f_{1}$ and $f_{2}$ be as before. Then
1. $\gamma\circ f_{i}$ : $\mathrm{c}^{2}Parrow \mathrm{R}^{2}(i=1,2)$ is a stable map such that $\gamma\circ f_{1}=\gamma \mathrm{o}f_{2}$ .
2. The set of critical values $C(\gamma \mathrm{o}ft)$ is as illustrated in the figure. (Note that the
set of singular points $S(\gamma \mathrm{o}fi)$ is the disjoint union of two circles, which contains 3
cusps, 3 arcs of indefinite folds, and 1 circle of definite folds.)
3. $\gamma \mathrm{o}f_{i}$ is a stable perturbation of the moment map $\gamma \mathrm{o}q$ into $\mathrm{R}^{2}.\cdot$
Remark. The nuap $\gamma \mathrm{o}f_{\mathrm{c}}$ is the one constructed in [$\mathrm{K}$ , p343].
3. In place of describing the proofs of the above results, we expose a key $\mathrm{p}\mathrm{r}\mathrm{o}_{1}$) $0-$
sition of the construction of $\dot{f}_{1}$ . The map $f_{1}$ is obtained by glueing the three $\mathrm{c}\mathrm{o}_{1}$)
$\mathrm{i}\mathrm{e}\mathrm{S}$
of $f_{1/3}$ in the proposition after moving them so that they form a map of
$\mathrm{C}^{2}P$ .
Let $\Sigma$ be the singular surface in $\mathrm{R}^{3}$ which is obtained from the critical locus
near a swallow tail by stretching the “base sheet” so that it $\mathrm{c}\mathrm{o}\mathrm{v}\dot{\mathrm{e}}$ rs the swallow tail
singularity (see the figure). We call $\underline{\nabla}$ the $\mathrm{d}_{0}\mathrm{n}\mathrm{l}\mathrm{e}$ of swallow tail. Let $L$ be the plane
which contains the boundary of the singular surface $\Sigma$ . Note that $\Sigma$ together with





Proposition 0.5 There exists a smooth map $f_{1/3}$ : $D^{4}arrow \mathrm{R}^{3}$ such that
1. the image is the solid dome of swallow tail,
2. $f_{1/3}$ maps $\partial D^{4}$ into the plane $L$ which contains $\partial\Sigma$ , and $f_{1/3}|\partial D^{4}$ is a stable map
into $L$ ,
3. $on$ Int $D^{4},$ $f_{1/3}$ is a stable map (with 1 swallow tail, 2 arcs of cusps, both 1 regions
of definite and indefinite folds),
4. the set of critical values $C(f_{1/}3)$ (which is the union of $C(f_{1/}3|\partial D^{4})$ and $C,$ $(f1/3|\mathrm{I}\mathrm{n}\mathrm{t}D4)$ )
is the dome of swallow tail.
We renuark that on any nonsingular toric surfaces, one can construct stable $1\mathrm{n}\mathrm{a}_{1^{\mathrm{J}\mathrm{S}}}$
which are the $1$) $\mathrm{e}\mathrm{r}\mathrm{t}\mathrm{u}\mathrm{r}\iota \mathrm{J}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{S}$ of the moment $\mathrm{m}\mathrm{a}_{1}$) $\mathrm{s}$ by using the same method as the
proofs of Theorem 0.1 and 0.3.
It is a pleasure to thank Toshizumi Fukui for $\mathrm{h}\mathrm{e}1_{1^{\mathrm{J}}}\mathrm{f}\mathrm{u}1$ conversations. The finding
of the $\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{p}f_{2}$ and the $\mathrm{n}\mathrm{a}\mathrm{n}$)$\mathrm{e}\mathrm{s}$ “dome” and $‘(\mathrm{f}\mathrm{l}\mathrm{y}\mathrm{i}\mathrm{n}\mathrm{g}$ saucer” due to hilll.
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The 1/3 piece of the renewed neighbourhood of the non-ordinary triple
point $Q$
$\mathrm{O}|\mathrm{d}_{1}\backslash \cap \mathit{0}|\mathrm{y}$ $\uparrow_{V_{1^{\backslash }}}\mathrm{P}\mathrm{g}\mathrm{P}^{1\mathrm{h}\mathrm{t}}\backslash$
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